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Abstract

While deciphering the Enigma Code during World
War II, I.J. Good and A.M. Turing considered the
problem of estimating a probability distribution from
a sample of data. They derived a surprising and un-
intuitive formula that has since been used in a va-
riety of applications and studied by a number of re-
searchers. Borrowing an information-theoretic and
machine-learning framework, we define the attenua-
tion of a probability estimator as the largest possible
ratio between the per-symbol probability assigned to
an arbitrarily-long sequence by any distribution, and
the corresponding probability assigned by the estima-
tor.We show that some common estimators have infi-
nite attenuation and that the attenuation of the Good-
Turing estimator is low, yet larger than one. We then
derive an estimatorwhose attenuation is one, namely,
as the length of any sequence increases, the per-symbol
probability assigned by the estimator is as high as pos-
sible. Interestingly, some of the proofs use celebrated
results by Hardy and Ramanujan on the number of
partitions of an integer. To better understand the be-
havior of the estimator, we study the probability it as-
signs to several simple sequences. We show that for
some sequences this probability agrees with our intu-
ition, while for others it is rather unexpected.

1. Introduction

In preparation for your next safari, you observe
a random sample of African animals. You find 3 gi-
raffes, 1 zebra, and 2 elephants. How would you es-
timate the probability distribution of the various
species you may encounter on your trip?
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A naive, empirical-frequency, estimator may as-
sign probability 1/2 to giraffes, 1/6 to zebras, and
1/3 to elephants. But this estimate is clearly amiss
as the poor estimator will be completely unprepared
for an encounter with an offended lion.

To address this unseen-elements problem,
Laplace [19] proposed an estimator that would add
one to the count of each species, including to the col-
lection of unseen ones. In the previous sample for
example, the Laplace, or add-one, estimator as-
signs probability (3 + 1)/10 = 0.4 to giraffes,
(1 + 1)/10 = 0.2 to zebras, (2 + 1)/10 = 0.3 to ele-
phants, and (0+1)/10 = 0.1 to unseen species. The
Laplace and other add-constant estimators have
since been applied and studied extensively. In par-
ticular, the add half, or Krichevski-Trofimov [18],
estimator was shown to possess certain opti-
mality properties when the number of possible
elements is fixed and the sample size increases to in-
finity [33, 5].

However, when the number of possible elements
is large compared to the sample size, add-constant
estimators are lacking too. To see that, suppose that
during your safari trip you evaluate the distribu-
tion of animals’ DNA sequences. You observe the
DNA sequences of a large number n of animals and,
predictably, find that each sequence is unique. You
therefore have a sample of n sequences, each ob-
served once, from which you would like to estimate
the distribution of all sequences. An add-c estimator
would assign probability (1+c)/(n+nc+c) to each
observed sequence and probability c/(n + nc + c)
to all unseen ones. It follows that the probability
(n + nc)/(n + nc + c) that the estimator assigns
to all observed sequences is close to one, while the
probability it assigns to all unseen sequences is close
to zero. Clearly, the opposite better represents the
truth. Additional shortcomings of add-constant es-
timators can be found in [10].



I.J. Good and A.M. Turing encountered this
problem while trying to break the Enigma Ci-
pher [16] during World War II. British intelligence
was in possession of the German cipher book which
contained all possible secret keys, and used pre-
viously decrypted messages to document the page
numbers of keys used by various U-boat comman-
ders. They wanted to use this knowledge to esti-
mate the distributions of pages that each U-boat
commander picked secret keys from.

Good and Turing came up with a surprising es-
timator, described in Section 3, that bears little re-
semblance to either the empirical-frequency or the
add-constant estimators above. After the war, Good
published the estimator [12] mentioning that Turing
had an “intuitive demonstration” for it, but not de-
scribing what this intuition was.

Since its publication, the Good-Turing estimator
has been incorporated into a variety of applications
such as information retrieval [30], spelling correc-
tion [4], and word-sense disambiguation [11]. Per-
haps its most common use is in language modeling
for speech recognition, e.g., [3] where it is applied
to estimate the probability distribution of words.

While the Good-Turing estimator performs well
in general, it is known to be suboptimal for elements
that appear frequently. Consequently, several modi-
fications have been proposed, including the Jelinek-
Mercer, Katz, Witten-Bell and Kneser-Ney estima-
tors [3]. In language modeling for example, Good
Turing is usually used to estimate the probability
of infrequent words, e.g., hapax legomena, whereas
the probability of frequent words is estimated via
their empirical frequency.

On the theoretical side, interpretations of the
Good-Turing estimator have been proposed [23, 24,
13], and its convergence rate was analyzed [21]. Yet,
lacking a measure for assessing the performance of
an estimator, no objective evaluation or optimality
results for the Good-Turing estimator have been es-
tablished.

Borrowing an information-theoretic and
machine-learning framework, we derive a natu-
ral measure for the performance of an estimator.
Instead of using the estimator once, we ap-
ply it repeatedly to a sequence of elements all
drawn according to the same distribution. Be-
fore each element is revealed, we use the estima-
tor to evaluate its conditional probability given the
previous elements. Doing so in turn for each el-
ement in the sequence, and multiplying the
conditional probability estimates together, we ob-
tain the probability that the estimator assigns to
the whole sequence. We then compare that proba-

bility to the probability assigned to the sequence
by any distribution, including the actual underly-
ing one.

This measure is similar to one used to evaluate
estimators of distributions over known and small al-
phabets [8, 28] and applied in a variety of fields in-
cluding universal compression, e.g., [29, 6, 7, 22],
on-line algorithms, and learning, e.g., [20, 31, 2].

To extend it to unknown, potentially large, in-
finite, and even continuous, alphabets, we abstract
the actual symbols that appear in the sequence and
consider only their pattern, the order in which they
appear. This allows us to enumerate sequences over
infinite alphabets, and to calculate their best prob-
ability assignment.

To describe the results obtained, we need a more
detailed account of the quantities involved. We pro-
vide their informal description here, and formalize
them in Section 2. The sequence attenuation of an
estimator q for a sequence x is the ratio between
the highest probability assigned to x by any dis-
tribution (including the one underlying the data)
and the probability assigned to x by q. The sym-
bol attenuation of q for x is the nth root of the se-
quence attenuation, namely, the ratio between the
highest per-symbol probability assigned to the se-
quence by any distribution, and that assigned by q.
Finally, the (asymptotic, symbol) attenuation of q is
the highest symbol attenuation maximized over all
sequences of increasing length.

Every estimator corresponds to a probability dis-
tribution over sequences of any given length. Hence
the attenuation of any estimator is always at least
one. Since the number of distinct symbols in a se-
quence can be as large as its length, the sequence
attenuation of an estimator on a length-n sequence
can n! or even higher, hence its attenuation can be
infinite.

Attenuation of a constant c > 1 implies that the
estimator assigns to each n-symbol sequence a prob-
ability which is at most a factor of cn lower than
its best probability. Attenuation of one, which we
call diminishing attenuation, implies that the esti-
mator assigns to each sequence a probability that
is at most sub-exponentially smaller than the best
possible, and hence the per-symbol probability as-
signed by the estimator is asymptotically the best
possible.

The main objectives of this paper are to evaluate
the attenuation of some existing estimators, to de-
rive diminishing-attenuation estimators, and to es-
tablish bounds on the performance of any estima-
tor.

In Section 3, we consider add-constant and Good-



Turing estimators. We show that add-constant esti-
mators have infinite attenuation. We then analyze
three versions of the Good-Turing estimator. We
show that they perform well in the sense that their
attenuation is low. However for some sequences they
assign a probability that is exponentially smaller
than the best possible, hence their attenuation is
strictly above one.

In Section 4, we use the attenuation measure
to derive two diminishing-attenuation estimators.
The first is computationally more efficient and re-
quires only a constant number of operations per

symbol. Its sequence attenuation is at most 2O(n
2/3),

hence its symbol attenuation diminishes to one as

2O(n
−1/3). The second estimator requires a super-

polynomial number of calculations, however its se-

quence attenuation is lower, at most 2O(n
1/2), hence

its symbol attenuation diminishes to one at the

faster rate of 2O(n
−1/2).

All constants involved in the asymptotic terms
are small. The techniques for evaluating the atten-
uations of the two estimators are rather different.
The proof for the low complexity estimator uses po-
tential functions, while the proof for the higher com-
plexity estimator uses results on set partitions and
celebrated results of Hardy and Ramanujan [14] on
the number of partitions of an integer.

In Section 5 we evaluate the 2O(n
−1/3) and

2O(n
−1/2) rates at which the attenuations of the es-

timators approach one by upper bounding the rate
at which the attenuation of any estimator can ap-
proach one. Converting the problem to a universal
coding problem, and using Hayman’s Theorem [15]
as in [17, 25], and similar to [1], we show that the se-
quence attenuation of any estimator is at least

2Ω(n
1/3), hence the rate in which the symbol at-

tenuation decreases to one must be slower than
2Ω(n

−2/3).

To better understand the behavior of
diminishing-attenuation estimators we study
the probability that the computationally-efficient
estimator assigns to some simple sequences in Sec-
tion 6. We show that while it often behaves as
our intuition would indicate, sometimes its esti-
mates are surprising. For example, as we would
intuitively guess, after observing a long se-
quence of identical symbols, the estimator predicts
that the next symbol will be the same too, and af-
ter seeing a long sequence whose symbols are all dif-
ferent, it predicts that the next symbol will be new
too. However if every symbol in the sequence ap-
pears twice, then our intuition would say that since
roughly every other symbol is new, the probabil-

ity of the next symbol being new is half. Yet the
probability that the estimator assigns to a new sym-
bol is lower.

2. Definitions and a preliminary re-

sult

We formally define the terms outlined in the in-
troduction.

Estimators A sample is a sequence of elements.
An estimator associates with every sample a prob-
ability distribution over the set of elements in the
sample, and “new”. For example, after observing
the sample

giraffe, zebra, giraffe, elephant, elephant, giraffe,

an estimator postulates a distribution over the
set {giraffe, zebra, elephant, “new”}, reflecting the
probability that a randomly chosen element is any
one of these animals, or new.

Note that the estimator is not required to dis-
tinguish between unseen elements. Since the sample
space is not known in advance, the estimator can-
not know which elements it hasn’t yet seen, hence
classifies all of them as “new”. Observe also that if
the sample space is known to the estimator in ad-
vance, then since all unseen elements are equivalent,
an estimator that lumps them together can be eas-
ily converted to one that does not by assigning each
unseen element the probability of “new” divided by
the number of unseen elements.

Patterns Since we assume no a priori knowledge
on the elements in the sample, a giraffe is no dif-
ferent to us from an elephant, hence we replace the
name of each animal by the order in which it ap-
pears. For example, in the sequence above, we de-
note giraffes by 1, zebras by 2, and elephants by 3.
The sequence of animals then turns into the inte-
ger sequence 1, 2, 1, 3, 3, 1, which we often abbrevi-
ate as 121331 and call the pattern of the original se-
quence. The pattern of a sequence x = x1, x2, . . . ,xn
is denoted by Ψ(x). For example, Ψ(g,z,g,e,e,g) =
121331.

This representation abstracts the names of the el-
ements, always referring to the numbers 1, 2, . . . ,k,
thereby allowing us to enumerate, and hence assign
probabilities, to sequences of arbitrary elements.
Additionally we no longer need to refer to an el-
ement as “new” the first time it appears, and by its
name thereafter. We always know the name of a new
element in advance. It is one more than the num-
ber of elements hitherto seen.



A string of positive integers is the pattern of some
sequence iff the first appearance of any i ≥ 2 occurs
after that of i− 1. For example, the empty string Λ
and the strings 1, 12, and 121 are patterns (of the
empty string, and, say, “a”, “ad”, and “ada”, re-
spectively), while 2, 21, and 132 are not.

We let Ψn denote the set of length-n patterns,
and let Ψ∗ denote the set of all finite-length pat-
terns. For example, Ψ0 = {Λ}, Ψ1 = {1}, Ψ2 =
{11, 12}, Ψ3 = {111, 112, 121, 122, 123}, and so on,
and Ψ∗ = {Λ, 1, 11, 12, 111, 112, 121, 122, 123, . . .}.
It can be shown that every length-n pattern corre-
sponds to a partition of a set of cardinality n, hence
|Ψn| is the n’th Bell number.

Probability of patterns If A is an alphabet, we
let An denote the set of length-n sequences of el-
ements in A and let A∗ denote the set of finite
strings of elements in A. For example, {a, b}2 =
{aa, ab, ba, bb}. Let p be a probability distribution
over an alphabet A. For every n ∈ Z+, p induces a
probability distribution pΨ over Ψn where

pΨ(ψ)
def
= p{x ∈ An : Ψ(x) = ψ}

denotes the probability that a sequence of elements,
each selected according to p will form the pattern
ψ ∈ Ψn. For example, for any probability p over an
alphabet A, pΨ(1) = p(A) = 1, indicating that the
first element of any pattern is 1 (“new”). If p is a
distribution over {a, b} where p(a) = p and p(b) =

1 − p
def
= p, then pΨ(11) = p{aa, bb} = p2 + p2, the

probability that two elements will be identical, and
pΨ(12) = p{ab, ba} = 2pp, the probability that the
two elements will be distinct.

Continuous distributions induce probabili-
ties over patterns as well. For example, if p
is any continuous distribution, then for all n,
pΨ(12 . . . n) = p{x1 . . . xn : xi 6= xj} = 1, indicat-
ing that if we pick any number of elements accord-
ing to a continuous distribution, with probability 1,
they will all be distinct. It follows that for continu-
ous distributions, every ψ ∈ Ψn−{12 . . . n}, namely
every pattern with repetitions, has pΨ(ψ) = 0, cor-
responding to the fact that elements repeat with
probability 0.

Maximum pattern probability Our goal is to
derive an estimator that, though unaware of the un-
derlying probability p, assigns to every pattern ψ a
probability that is not much smaller than the in-
duced probability pΨ(ψ). Since we do not know the
underlying distribution, we must consider the one
that assigns to ψ the highest probability. The max-

imum probability of a pattern ψ is

p̂Ψ(ψ)
def
= max

p
pΨ(ψ),

the highest probability assigned to the pattern by
any distribution. For example, since any distribu-
tion p has pΨ(1) = 1, we have p̂Ψ(1) = 1. Since any
constant distribution p has pΨ(1 . . . 1) = 1 for any
number of 1’s, we obtain p̂Ψ(1 . . . 1) = 1, and, since
any continuous distribution p has pΨ(12 . . . n) = 1,
we derive p̂Ψ(12 . . . n) = 1. In general however, it is
difficult to determine the maximum probability of a
pattern. For example, some work [27] is needed to
show that p̂Ψ(112) = 1/4.

Sequential estimators Let m
def
= m(ψn1 )

def
=

|{ψ1, . . . ,ψn}| be the number of distinct sym-
bols appearing in a pattern ψn1 = ψ1, . . . ,ψn ∈ Ψn.
A sequential estimator is a mapping q that asso-
ciates with every pattern ψn1 a probability distri-
bution q(ψn+1|ψn1 ) over [m + 1] = {1, . . . ,m+ 1},
representing the probability that the estimator as-
signs to the possible values of ψn+1, after seeing

ψn1 . For example, q(ψ1)
def
= q(ψ1|Λ) is a distribu-

tion over {1}, namely, q(1|Λ) = 1, while q(ψ3|12)
and q(ψ4|121) are distributions over {1, 2, 3}.

For a simple example, consider the add-one es-
timator mentioned in the introduction, henceforth
denoted q

+1
. After observing the pattern ψn1 , it as-

signs to any ψn+1 ∈ [m + 1] a probability propor-
tional to one more than the number of times ψn+1
appeared in ψn1 . For instance, after observing the
pattern 1, it estimates q

+1
(1|1) = (1 + 1)/3 = 2/3

and q
+1
(2|1) = (0 + 1)/3 = 1/3.

For each n ∈ Z+, an estimator q induces a prob-
ability distribution over Ψn given by

q(ψn1 ) =
n−1
∏

i=0

q(ψi+1|ψi1).

For example, the probability that the add-one esti-
mator ascribes to the pattern 1213 is

q
+1
(1213) = q

+1
(1|Λ) · q

+1
(2|1) · q

+1
(1|12) · q

+1
(3|121)

=
1

1
· 1
3
· 2
5
· 1
6
=

1

45
.

It is important to note that while for mathe-
matical convenience estimators are defined in terms
of patterns, they associate probabilities with the
original sequences themselves. For example, for the
sequence giraffe, zebra, giraffe, elephant, abbrevi-
ated g,z,g,e, the add-one estimator will associate the



probability

q
+1
(new) · q

+1
(new|g) · q

+1
(g|g,z) · q

+1
(new|g,z,g)

=
1

1
· 1
3
· 2
5
· 1
6
=

1

45
,

the same probability it associates with its pattern
1213. Similarly, all our results are phrased in terms
of patterns, but apply to the actual underlying se-
quences.

Attenuation We would like to derive sequential
estimators that assign to every pattern a probabil-
ity that is not much lower than the highest proba-
bility assigned to it by any distribution. We there-
fore define the sequence attenuation of an estimator
q for a pattern ψn1 to be

R(q, ψn1 )
def
=

p̂Ψ(ψn1 )

q(ψn1 )
,

the ratio between the highest probability assigned
to ψn1 by any distribution and the probability as-
signed to it by q. The worst-case sequence attenua-
tion of q for length-n patterns is

Rn(q)
def
= max

ψn1 ∈Ψn
R(q, ψn1 ),

the largest sequence attenuation of q for any
length-n pattern. Note that (Rn(q))1/n is the
worst-case symbol attenuation of q for length-n pat-
terns, namely, the largest possible ratio between
the per-symbol probability assigned by any dis-
tribution to symbols of length-n patterns and
the corresponding probability assigned by q. Fi-
nally, the (asymptotic, worst-case, symbol) attenua-
tion of q is

R∗(q)
def
= lim sup

n→∞
(Rn(q))

1/n
,

the largest possible ratio between the per-symbol
probability assigned to any asymptotically long pat-
tern by any distribution, and the corresponding
probability assigned by q.

As mentioned in the introduction, R∗(q) ≥ 1 for
every estimator q. If R∗(q) > 1 then q assigns to
some length-n pattern a probability that is (R∗(q))n

times smaller than its highest possible probability,
and if R∗(q) = 1 then the probability that q as-
signs to every length-n pattern is at most subexpo-
nentially smaller than the highest possible.

A preliminary result In this paper we evaluate
the attenuation of several existing and new estima-
tors. Some of the proofs use the following upper
bound on maximum pattern probabilities.

Let ψn1 = ψ1, . . . ,ψn be a pattern. The multiplic-
ity of ψ ∈ Z+ in ψn1 is

µψ
def
= µψ(ψ

n
1 )

def
= |{1 ≤ i ≤ n : ψi = ψ}|,

the number of times ψ appears in ψn1 . The preva-
lence of the multiplicity µ ∈ N in ψ is

ϕµ
def
= ϕµ(ψ)

def
= |{ψ : µψ = µ}|,

the number of symbols appearing µ times in ψn1 .
For example, in the pattern 1213, the number 1 ap-
pears twice, hence it has multiplicity µ1 = 2, and
each of the numbers 2 and 3 appears once, hence
µ2 = µ3 = 1. It follows that two symbols appear
once and one symbol appears twice, hence ϕ1 = 2,
ϕ2 = 1, and ϕµ = 0 for all other µ’s.

The number of patterns with prevalences
ϕ1, ϕ2, . . . ,ϕn can be shown to be

n!
∏n
µ=1 (µ!)

ϕµϕµ!

def
= N(ϕ1, . . . ,ϕn).

Since any distribution assigns to each of them the
same probability the maximum probability of each
of these patterns is upper bounded by

p̂Ψ(ψ) ≤ 1

N(ϕ1, . . . ,ϕn)
. (1)

3. Unbounded- and constant-

attenuation estimators

We show that add-constant estimators have un-
bounded attenuation and that a modified version of
the add-one estimator and the Good-Turing estima-
tor have constant, albeit non-diminishing, attenua-
tions.

3.1. The add-one estimator and a varia-

tion

It is easy to see that add-constant estimators
have unbounded attenuation. Consider for example
the add-one estimator q

+1
. To the pattern 123 . . . n

it assigns probability

q
+1
(123 . . . n) =

1

1
· 1
3
· . . . · 1

2n+ 1
=

2n · n!
(2n+ 1)!

.

Since, as we saw in the introduction,

p̂Ψ(12 . . . n) = 1,

we obtain that q
+1

has symbol attenuation

(

Rn(q
+1
)
)1/n ≥ (2n+ 1)!

2n · n! ≥ 2n

e
,

hence



Theorem 1

R∗(q
+1
) =∞. 2

By applying the add-one estimator in two steps,
we obtain a modified add-one estimator q

+1′
whose

attenuation is between 1.69 and 2.85. The estima-
tor uses the add-one rule to estimate the probabil-
ity of the next symbol being new or repeated, and
for repeated symbols it assigns a probability propor-
tional to the number of occurrences of the symbol.
Recall that m is the number of distinct symbols ap-
pearing in a pattern ψn1 , and that for 1 ≤ ψ ≤ m,
µψ is the multiplicity of ψ in ψn1 . Then q+1′

assigns
to each 1 ≤ ψn+1 ≤ m+ 1 the probability

q
+1′

(ψn+1|ψn1 )
def
=

{

m+1
n+2 , ψn+1 = m+ 1
n−m+1
n+2 · µψn+1

n , 1 ≤ ψn+1 ≤ m.

It can be shown that for sequences where the
number of distinct symbols is a vanishing fraction
of the sequence length, namely,m = o(n), the modi-
fied add-one estimator has subexponential sequence
attenuation, hence diminishing symbol attenuation.
However, as illustrated below, sequences with more
symbols may have an exponential sequence attenu-
ation.

Theorem 2

1.69 < R∗(q
+1′

) ≤ 2.85.

Proof To lower bound R∗(q
+1′

), consider the pat-
tern

ψ
def
= 12 . . .

n

2
12 . . .

n

2
,

to which the modified add-one estimator assigns
probability

q
+1′

(ψ) =

(

n
2 !
)2(n

2 − 1
)

!

(n+ 1)!(n− 1)!
≈ 0.58nn−n/2,

while the uniform distribution over an alphabet of
size 0.628n assigns to ψ the probability 0.98nn−n/2.
Therefore,

R∗(q
+1′

) ≥ 0.98

0.58
> 1.69.

To upper bound R∗(q
+1′

), we compare the probabil-

ity that q
+1′

assigns to any pattern ψ with the up-

per bound on p̂Ψ(ψ) given in Equation (1). We show
that the sequence attenuation of any length-n pat-
tern ψ with m distinct symbols is bounded by

R(q
+1′
, ψ) ≤ 2nh(

m
n )+m log

n
m+o(1).

The theorem follows by maximizing this expression
over m. 2

3.2. The Good-Turing estimator

We show that the attenuation of the Good-
Turing estimator is a constant between 1.39 and 2.

Recall that µψ is the multiplicity of ψ ∈ Z+ in
ψn1 ∈ Ψn, i.e., the number of times ψ appears in ψn1 ,
and that ϕµ is the prevalence of µ, µ ∈ N, i.e., the
number of symbols appearing µ times in ψn1 .

Given ψn+11 , let

r
def
= µψn+1

(ψn1 ).

The Good-Turing estimator [12] is then defined by

q(ψn+1|ψn1 ) =
{

ϕ′1
n , r = 0
r+1
n

ϕ′r+1

ϕ′r
, r ≥ 1,

where ϕ′µ is a smoothed value of ϕµ. As observed al-
ready by Good [12], smoothing is needed for a vari-
ety of reasons. One of them is that if ϕr+1(ψ

n
1 ) = 0,

then without smoothing the estimator would assign
q(ψn+1|ψn1 ) = 0 for the symbols appearing µ − 1
times in ψn1 .

Many smoothing methods have been proposed,
some seem too difficult to analyze. All those we an-
alyzed yield attenuation > 1. Here we consider only
one of the simplest smoothing technique,

ϕ′µ = max(ϕµ, 1),

which ensures nonzero probabilities for all symbols
in [1,m(ψn1 )+1]. This smoothing method results in
the estimator

q
GT1

(ψn+1|ψn1 )
def
=

{

max(ϕ1,1)
S

GT1
(ψn1 )

, r = 0
r+1

S
GT1

(ψn1 )
max(ϕr+1,1)

ϕr
, r ≥ 1,

where

S
GT1

(ψn1 )
def
= max(ϕ1, 1)+

∑

µ:ϕµ>0

ϕµ·(µ+1)
max(ϕµ+1, 1)

ϕµ

is a normalization factor.
The attenuation of q

GT1
is a constant greater than

one, as outlined below.

Theorem 3

1.39 < R∗(q
GT1

) ≤ 2.

Proof outline To prove the lower bound, con-
sider the pattern

ψ
def
= 12(132)n/3

def
= 12132132 . . . 132,

to which the estimator q
GT1

assigns probability

q
GT1

(ψ) = Θ(72−n/3),



while the maximum probability of ψ can be shown
to be

p̂Ψ(ψ) = Θ(3−n).

Hence,

R∗(q
GT1

) ≥ 72
1
3

3
> 1.39.

To upper bound Rn(q
GT1

), let

r(i)
def
= µψi+1

(ψi1),

be the multiplicity of ψi+1 in ψ
i
1, and for 1 ≤ µ ≤ i,

let
ϕiµ

def
= ϕµ(ψ

i
1)

be the prevalence of the multiplicity µ in ψi1. It can
be shown by induction on n that

q
GT1

(ψn1 ) =

∏n
µ=1(µ!)

ϕµ

∏n−1
i=1 SGT1

(ψi1)
·
n−1
∏

i=1

max(ϕir(i)+1, 1)

ϕir(i)
.

Comparing the probability that q
GT1

assigns to any
pattern ψ with the upper bound on p̂Ψ(ψ) given in
Equation (1), we derive

Rn(q
GT1

) ≤max
ψn1

∏n
µ=1 ϕ

n
µ!

∏n−1
i=1 max(ϕir(i)+1, 1)/ϕ

i
r(i)

×

max
ψn1

∏n−1
i=1 SGT1

(ψi1)

n!
def
= RnG ·RnS .

Observing that

n−1
∏

i=1

ϕir(i)+1 + 1

ϕir(i)
=

n
∏

µ=1

ϕnµ!,

we obtain
RnG ≤ 2n−1. (2)

It can be shown that for all ψn1 ,

S
GT1

(ψn1 ) ≤ n+
√
8n,

hence,

RnS ≤
(

1 +O
(

1√
n

))n−1
· 1
n
. (3)

The Theorem follows by multiplying Equations (2)
and (3). 2

We also considered two other variants of Good-
Turing estimators. The first is the “simple Good-
Turing” estimator developed by Gale [9]. The sec-
ond, motivated by the fact that Good-Turing esti-
mates perform well for infrequent symbols but not
for frequent ones, uses the Good-Turing estimator

to predict the probability of infrequent symbols and
uses empirical frequency for frequent ones.

These two estimators seem too complex to an-
alyze mathematically, but we showed empirically
that while they perform well in general, for for some
sequences, their attenuation does not approach one
as the sequence length increases. Therefore none of
the Good-Turing estimators we considered had di-
minishing attenuation.

4. Diminishing-attenuation estimators

We describe two diminishing-attenuation estima-
tors. The first is computationally more efficient,
while the second’s attenuation diminishes to one
faster.

4.1. A low complexity estimator

We construct a diminishing-attenuation estima-

tor whose sequence attenuation is at most 2O(n
2/3),

hence its symbol attenuation diminishes to one at

a rate of at least 2O(n
−1/3). The estimator uses just

a constant number of operations per symbol, hence
has linear complexity for the whole sequence.

Recall that µψ is the multiplicity of ψ, that ϕµ is

the prevalence of µ, and that r
def
= µψn+1

(ψn1 ). For
c ∈ Z+, let

fc(ϕ)
def
= max(ϕ, c),

and for ϕ ∈ N, let

gc(ϕ)
def
=

ϕ
∏

i=1

fc(i) =

{

cϕ, 0 ≤ ϕ ≤ c
cc

c!ϕ!, ϕ ≥ c.

Define also the sequence

cn = dn1/3e.

The estimator assigns

q
1/3

(1) = 1,

and for all n ≥ 1, and ψn1 ∈ Ψn, it assigns the con-
ditional probability

q
1/3

(ψn+1|ψn1 ) =
1

Scn+1
(ψn1 )

×
{

fcn+1
(ϕ1 + 1), r = 0

(r + 1)
fcn+1

(ϕr+1+1)

fcn+1
(ϕr)

, r > 0,

where

Scn+1
(ψn1 )

def
= fcn+1

(ϕ1 + 1)+
n
∑

µ=1

ϕµ · (µ+ 1)
fcn+1

(ϕµ+1 + 1)

fcn+1
(ϕµ)



is a normalization factor.
The estimator has an attenuation that is asymp-

totically unity.

Theorem 4 For all n,

Rn(q
1/3

) ≤ 2O(n
2/3),

where the implied constant is at most 10.
Proof outline It can be shown that for all n ≥ 2
and ψn1 ∈ Ψn,

q
1/3

(ψn1 ) =

∏n
µ=1

(

(µ!)ϕ
n
µgcn(ϕ

n
µ)
)

∏n
i=2 Sci(ψ

i−1
1 )

·
n−1
∏

i=1

i
∏

µ=1

gci(ϕ
i
µ)

gci+1
(ϕiµ)

where as before, for 1 ≤ µ ≤ i, we let ϕiµ = ϕµ(ψ
i
1).

Again, the upper bound is obtained by comparing
the probability that q

1/3
assigns to a pattern with

the upper bound on the maximum probability of the
pattern given in Equation (1), yielding

Rn(q
1/3

) ≤ max
ψn1

n
∏

µ=1

ϕnµ!

gcn(ϕ
n
µ)
×

max
ψn1

∏n−1
i=1 Sci(ψ

i
1)

n!
×

max
ψn1

n−1
∏

i=1

i
∏

µ=1

gci+1
(ϕiµ)

gci(ϕ
i
µ)

def
= RnG ·RnS ·RnL. (4)

We bound each of RnG, R
n
S , and R

n
L individually. Ob-

serving that for all c ∈ Z+ and ϕ ∈ N, gc(ϕ) ≥ ϕ!,
we obtain

RnG ≤ 1. (5)

It can be shown [26] that for all ψn1 ∈ Ψn and all
γ ∈ Z+,

Sγ(ψ
n
1 ) ≤ (1 +

1

γ
)n+

√

2n(2γ + 1)2

γ
,

implying,

RnS ≤
1

n







∑n−1
i=1

(

1 + 1
ci+1

+
√

2(2ci+1+1)2

ici+1

)

n− 1







n−1

.

(6)
It can also be shown that

RnL ≤
n−1
∏

i=1

(

ci+1
ci

)

√
2ici+1

. (7)

The Theorem follows by multiplying Equa-
tions (5,6,7), and setting cn = dn1/3e. 2

It can also be shown that the estimator requires
only a constant number of calculations per symbol,
hence has linear complexity for the whole sequence.

4.2. A low attenuation estimator

Building on an equivalence between set partitions
and patterns, we obtain an estimator q

1/2
achieving

a sequence attenuation of 2O(n
1/2), hence a sym-

bol attenuation that diminishes to one at a rate of
at least 2O(n

−1/2). However, the estimator has su-
per polynomial, albeit subexponential, complexity.

To describe q
1/2

, we need some additional defini-
tions. For a pattern ψn1 , let

z(ψn1 )
def
=

∏n
µ=1 µ!

ϕµϕµ!

n!
,

and define the distribution p̃ over Ψn by

p̃(ψn1 ) =
z(ψn1 )

∑

y∈Ψn z(y)
,

let
tn

def
= 2dlog n+1e−1

be the largest power of 2 that is ≤ n, and finally let

Ψ2tn(ψn1 )
def
= {y2tn1 ∈ Ψ2tn : yn1 = ψn1 }

be the set of patterns of length 2tn with prefix ψn1 .
Then the estimator q

1/2
is defined by

q
1/2

(1) = 1,

and for all n ≥ 1 and ψn1 ∈ Ψn,

q
1/2

(ψn+1|ψn1 ) =
∑

y∈Ψ2tn (ψn1 .ψn+1)
p̃(y)

∑

y∈Ψ2tn (ψn1 )
p̃(y)

.

While q
1/2

is computationally complex, it
achieves a lower attenuation. To upper bound its
attenuation, we related it to the number of parti-
tions of an integer. A partition of an integer n is a
sum a1+ . . .+ak, where a1 ≥ a2 ≥ . . . ≥ ak are pos-
itive integers. For example, 4, 3+1, 2+2, 2+1+1,
and 1+1+1+1 are the five possible partitions of 4.

In what is considered by some to be “one of the
jewels of 20th century mathematics” [32], Hardy
and Ramanujan [14] gave an expression for the exact
number of partitions of any positive integer n, and
showed that it grows as exp (π

√

2/3
√
n(1 + o(1))).

We use this result to show that

Theorem 5 For all n,

Rn(q
1/2

) ≤ exp

(

4π√
3(2−

√
2)

√
n

)

.

Proof outline The theorem holds trivially for
n = 1. For all n ≥ 2 and ψn1 , we show by induc-
tion that

q
1/2

(ψn1 ) ≥
∑

y∈Ψ2tn (ψn1 )
p̃(y)

exp
(

π
√

2
3

√
2
√
tn−1√
2−1

) . (8)



To relate the numerator to p̂Ψ(ψn1 ) we use results
on integer partitions by Hardy and Ramanujan [14].
We thus obtain

∑

y∈Ψ2tn (ψn1 )
p̃(y)

p̂ψ
n
1

≥ 1

exp
(

π
√

2
3

√
2tn

) ,

which, together with Equation (8) implies that for
all n ≥ 2 and ψn1 ,

p̂ψ
n
1 (ψn1 )

q
1/2

(ψn1 )
≤ exp

(

4π√
3(2−

√
2)

√
n

)

. 2

5. A lower bound on attenuation

In the previous section we derived estimators

with sequence attenuations of 2O(n
2/3) and 2O(n

1/2).
We now show that attenuation cannot be made arbi-
trarily small. The sequence attenuation of any esti-
mator grows at least exponentially in the cube root
of the sequence length.

Theorem 6 For every estimator q and all n,

Rn(q) ≥ exp

(

3

2
n1/3(1− o(1))

)

.

Proof outline To prove this lower bound on the
attenuation of any estimator, we combine an equiv-
alence between estimation and sequential univer-
sal compression with Shtarkov’s argument [29]. We
then incorporate a lower bound on the maximum
probabilities of patterns [17], and apply an asymp-
totic analysis technique developed by Hayman [15]
to obtain the result. 2

6. Examples

To better understand the behavior of the
diminishing-attenuation estimators, we con-
sider the conditional probabilities that the
low-complexity estimator q

1/3
assigns to some sim-

ple sequences and compare it to what one would
intuitively expect.

Consider first the sequence aaa . . .. Since the
same symbol always repeats, after observing a large
portion of this sequence, one would guess that the
next symbol would be ‘a’ as well. Indeed after ob-
serving n elements, the estimator assigns probabil-
ity 1 − Θ(1/n) for the next symbol being ‘a’ and
probability Θ(1/n) to a new symbol.

For the alternating sequence abab . . ., one would
predict probability half for the next symbol being
each of ‘a’ and ‘b’. Correspondingly, the estima-
tor assigns probability Θ(1/n) to a new symbol and

splits the remaining probability evenly between ‘a’
and ‘b’.

Of course, we are more interested in the behav-
ior of the estimator when the number of symbols ap-
pearing is large. In the extreme case where all sym-
bols are different, for example, after observing the
sequence abcde . . ., we would expect the next sym-
bol to be new. Indeed the estimator assigns prob-
ability 1 − Θ(1/n2/3) that the next symbol will be
new.

But for large-alphabet sequences where the prob-
ability of new does not approach 1, intuition may
not serve well. Consider perhaps the simplest such
case, the sequence aabbcc . . .. After observing an
even number n of symbols, e.g., aabbcc, the esti-
mator assigns probability 1/4 to the next symbol
being new and 3/(2n) to each of the preceding sym-
bols, and after observing an odd number n of sym-
bols, e.g., aabbc, the estimator assigns probability
approaching 1 to the next symbol being the same
as the last one, e.g., ‘c’ in this example.

These estimations may be at odds with the intu-
ition saying that since every other element so far was
new, the next symbol will be new with probability
1/2. One possible explanation for the lower proba-
bility of new assigned by the estimator is that it can
be shown [27] that after seeing n symbols of the se-
quence, the most likely alphabet is of size 0.62n,
hence, roughly speaking, the probability of seeing a
new symbol is about (0.12n)/(0.62n) ≈ 0.2.
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